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Abstract 

Inspired by recent work of S. K. Donaldson on constant scalar cur- 
vature metrics on toric complex surfaces, we study obstructions to the 
extension of the Calabi flow on a polarized toric variety. Under some 
technical assumptions, we prove that the Calabi flow can be extended 
for all time. 



1 Introduction 

In d], E. Calabi proposed to deform a given Kahler metric in the direction of 
the Levi-Hessian of its scalar curvature. This is a 4th order fully nonlinear 
semiparabolic equation aiming to attack the existence of constant scalar 
curvature Kahler metric (cscK for short) in a given Kahler class. Note 
that cscK metrics are the fixed points while extremal Kahler metrics are 
soliton solutions of the Calabi flow. The Calabi conjecture on the existence 
of Kahler-Einstein metrics, as well as Yau-Tian-Donaldson's conjecture on 
the existence of extremal Kahler metrics are central problems in Kahler 
geometry. However, by fixing a maximal torus in the complex automorphism 
group, an extremal Kahler metric satisfies a 4th order nonlinear partial 
differential equation. It is hard to attack the existence problem directly. 
The study of the Calabi flow seems to be an effective approach, although 
rather a complicated one. In [6], Xiuxiong Chen conjectured that the flow 
exists globally (i.e. for all time) for any smooth initial Kahler metric. 

Unfortunately, at the moment very little is known about the global ex- 
istence of the Calabi flow. In the Riemannian surface case, it was settled 
down by the work of P. Chrusciel [10] (c.f. [6] also). In a subsequent paper 
[7], Xiuxiong Chen and Weiyong He proved that the main obstruction to 
the global existence of the Calabi flow is the bound of the Ricci curvature. 
Other important results about Calabi flow appear in Chen-He [8], [9]; W.Y. 
He [IS]; J. Fine [15]; G. Szekelyhidi [21]. 

S.K. Donaldson [11] set up a program to prove the existence of an ex- 
tremal Kahler metric on a toric surface under the /C-stability assumption 
and he completed this program in the cscK case in jl4j . Let us briefly 
introduce Donaldson's results. 
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Theorem 1.1. (114V ^ny polarized complex toric surface with zero Futaki 
invariant is K-stahle if and only if it admits a constant scalar curvature 
Kdhler metric. 

His strategy of proof is as follows: if we consider the Legendre trans- 
form n of a Kahler potential (p, then we obtain a convex function u on the 
polytope P C associated to the toric variety, satisfying certain boundary 
conditions defined by a measure a on each facet of P (see Definition 13. ip . 
The Abreu's equation tells us that the metric is extremal if and only if 

It -'jj = A, 

where A is an affine function determined by the data (P, a) . We need to 
solve this 4-th order differential equation when ^ is a constant and w is a 
smooth convex function and verifies the given boundary conditions. Then, 
Donaldson applied the continuity method to prove the following theorem 
(c.f. Theorem 1 in [T3]) : 

Theorem 1.2. (U^) Let (P(a), (T(a), A(a)) he a sequence of polytopes con- 
verging to (P, a, A) where the number of edges of P{a) does not depend on 
a. Suppose that for each a there is a solution u(a) to the problem defined 
by {P{a),a{a),A{a)), i.e. 

u{oi)\ = -A{a), 

where A{a) is a constant and u{a) satisfies the Guillemin boundary condi- 
tions of {P (a), a (a)). If there is an M > such that each u{a) satisfies the 
M -condition given by Definition Ig.gl below, then there is a solution of the 
problem defined by {P,A,a), i.e. there is a smooth function u such that 



and u satisfies the Guillemin boundary conditions of (P,a). 

Inspired by this work of Donaldson, we attempt to study the Calabi flow 
on an n-dimensional toric variety. The main theorem we obtain is 

Theorem 1.3. For any toric Kdhler variety, the Calabi flow (initiated from 
any toric invariant metric) can be extended indefinitely as long as the fol- 
lowing assumptions hold 

• The L^-norm of the Riemannian curvature is bounded for any finite 
time interval [0, T). 

• At each time t G [0, T), after rescaling the metric by |i?m|oo, the first 
derivative of the Riemannian curvature is uniformly bounded. 
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• The Euclidean norm of the gradient of scalar curvature on the polytope 
i.e. |Vi?|, are uniformly hounded for all time. 

Remark 1.4. For Kahler surfaces, the first assumption is automatically true 
since the Calabi flow decreases the Calabi energy, hence the L^-norm of 
Riemannian curvature. To get rid of the second assumption, one needs to 
extend Shi's Ricci flow pointwise curvature estimates [20] to the Calabi flow. 
The last condition is imposed to guarantee that the M-condition holds along 
the Calabi flow. If one can extend Perelman's Ricci flow non-collapsing result 
|19j to the Calabi flow, then the third assumption is not needed. 

The organization of this paper is as follows: In section 2, we set up the 
notations for the Kahler geometry and the Calabi flow as in [7]. In section 3, 
we give a brief introduction to polarized toric varieties and study the Calabi 
flow in the corresponding polytope. In section 4, we extend Donaldson's 
geometrical estimates jl3j from dimension two to higher dimensions. In sec- 
tion 5, we rule out the singularities in the Calabi flow under the assumptions 
of Theorem 11.31 
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2 Kahler geometry and Calabi flow 

Let M be a compact complex manifold of complex dimension n. A Hermitian 
metric metric g on M in local coordinates is given by 



where {ftj} is a positive definite Hermitian matrix with smooth dependence 
on the coordinates. We use {g^^} to denote the inverse matrix of {^jj}. The 
Kahler condition says that the corresponding Kahler form oj = \/—lg^jdz'^ A 
dz^ is a closed (1,1) form. The Kahler class of u is its cohomology class 
[to] G ff^(Af, M). By Hodge theory, any other Kahler form in the same class 
is of the form 



g = gndz^ dz^ 




n 



dd(j) = J2 didjHz' A dz~^ = (p^fjdz' A dzK 
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The corresponding Kahler metric is denoted by (7^ = {g^j + (p^^j)dz^ (i^ dz^ , 

and we use {5^ } to denote the inverse matrix of {g^j + 4',%]}- For simphcity, 
we use both g and to to denote the Kahler metric. The space of Kahler 
potentials is defined to be 

= {(/)£ C^{M)\uj^ = w + ^/^ddcf> > 0}, 

which is identified with the space of Kahler metrics and is the main objects 
we are interested in. 

Given a Kahler metric co, its volume form is 

cj" = ^^^^ ^ det{gfj)dz^ A dz^ A • • • A dz" A d^". 
The Ricci curvature of uj is locally given by 

Rfj = -didjlogdetigki), 

the Ricci form being 

Ricu) = V—^Rijdz^dz^ = —^/^didj log det{gj^i). 

It is a real, closed (1,1) form. The cohomology class of the Ricci form is the 
first Chern class Ci{M), and is therefore independent of the metric. 

Given a polarized compact Kahler manifold (M, [w]), for any (f> G T-L, 
Calabi [1], [5] introduced the Calabi functional, 

CaK) = [ Rl^;, 

JM 

where -R^ is the scalar curvature of w^. Note that both the total volume 

n = / ^0 

JM 

and the total scalar curvature 

M 

remain unchanged when (j) varies in H^. As a consequence, the average 
scalar curvature 

R=^ 

- 

is a constant depending only on the class [cu]. Usually we use the following 
modified Calabi energy 



Ca{u:^)= [ {R^-Rfu2 

JM 
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to replace Ca{oj(j)) since they only differ by a topological constant. E. Calabi 
studied the variational problem to minimize Ca{uj^) in T-L^j- The critical 
points turn out [5] to be either CscK or extremal Kahler metric depending 
on whether the Futaki character vanishes or not. The Futaki character 
/ = : f)(M) — 7- C is defined on the Lie algebra t)(M) of all holomorphic 
vector fields of M as follows, 



UiX) = - / X{F^)w^, 
Jm 

where X G and F^jj is a real valued function defined by 

F<j) = G^{R^). 

is the Hodge-Green integral operator, and = G^{R^) is equivalent to 
'^<f)F<f> = -^0 — R, where A,^ is the Laplace operator of the metric ujtf,. In 
[5], E. Calabi showed that the Futaki character f = f^\s invariant when (p 
varies in H^. 

The existence of CscK metrics (or extremal Kahler metrics) seems in- 
tractable at the first glance since the equation is a fully nonlinear 4th order 
equation. In E. Calabi proposed the so-called Calabi fiow to approach 
the existence problem. The Calabi flow is the gradient flow of the Calabi 
functional, defined as the following parabolic equation with respect to a real 
parameter t > 0, 

d 

Ql9ij{t) =did-jRg^ty 
On the potential level, the Calabi fiow is of the form 

^-R^-R. 
Under the Calabi flow, we have 

^ / {R^-R)'u;; = -2 [ {D^R^,R^) 

where is the Lichnerowicz operator deflned by 

and where the covariant derivative is with respect to w^. So the Calabi 
energy is strictly decreasing along the flow unless is an extremal Kahler 
or a CscK metric. 
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3 Toric geometry and Calabi flow 



In this section, we use the description of toric manifolds which is due to 
Guihemin [16] |17] and Abreu [2], see also Donaldson [11] and Apostolov- 
Calderbank-Gauduchon [3]. Given a n-dimensional polarized toric variety 
X with Kahler form a; and Hamiltonian action of an n-dimensional torus 
action we denote its moment map by ^u. The image of the moment map 
is a Delzant polytope P in R". Let Xq = fj.~^{Po), where Pq is the interior 
of P; Xq is a dense open subset of X diffeomorphic to M" x T". Also, the 
preimage of each boundary face of P corresponds to a divisor of X. A model 
case is CP^; up to an appropriate normalization, the image of its moment 
map can be taken to be the triangle in M? with vertices (0, 0), (0, 1), (1, 0) 
and the preimage of each facet is a projective line CP"^ C CP^. 
The Kahler form oj restricted to Xq can be written as 

uj = tj dz^ A dz^ , 

where Zi = ^i + V^rji, ^.i^W, m ^ T" and 

We can write down the moment map explicitly in this case: 

x = /.(.) = MO = (^,...,^). 

Using the Legendre transformation, we obtain the symplectic potential u on 
Pq. For each point x £ Pq, there is a unique point ^ G M" such that §^ = Xi 
and we let 

It is important to point out that u{x) should satisfy the Guillemin bound- 
ary conditions by Abreu [2], Donaldson [11] and Apostolov-Calderbank- 
Gauduchon [3]. Let d be the number of {n — l)-dimensional faces of P, 
we can describe the polytope P by a set of inequalities 

k{x) = {x,Ui) - Xi>0, i = 1,... , d; 

the Ui being primitive elements of the lattice Z". 
Let 
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fc=i 



Definition 3.1. u{x) satisfies the Guillemin boundary conditions if and 
only if u{x) — uq{x) is a smooth function on Pq up to the boundary and u{x) 
restricted to each facet is smooth and strictly convex. 
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Next we want to write down the formula for Riemannian curvature in 
symplectic coordinates which is due to Donaldson [11] and Abreu |Tj. In 
symplectic coordinates the metric is given by 



where the matrix (u'*-' ) is the inverse of the Hessian matrix u^ij = q^.q^ ■ 
Now we define a 4-index tensor by 

^ki - -u kl- 

We can raise and lower indices in the usual way, using the metric Uij , setting 

Tpabcd _ „ ,ck „ dk rpab rp _ „, „, T^ah 

Lemma 3.2. (Donaldson The curvature tensor of g is 

-F'^^^'-dzidzk ® dzjdzi. 
Using the metric Uij, the standard square- norm of the tensor F is 

l-^l ~ ^kl^cd^ia^jbU U —U cdU ab- 

Following [1], the scalar curvature can be written as: 



S{u) = -Yl 



dxidxj 

Let us see what the evolution equation of u under the Calabi flow would 
be. Since the evolution equation for (p is 

^4 = R-R = A-A, 
dt — -' 

where R = A\s the average of scalar curvature i?, Donaldson shows that 

du d(j) , , 

In [13], Donaldson introduces the Af-condition to control the injectivity 
radius of X: 

Definition 3.3. Let p, q be distinct points in the interior of P. Let i' be 
the unit vector pointing in the direction from p to q. We write 

V{p,q) = {V,u){q)-{V,u){p), 

where Vj^ denotes the derivative in the direction v. Thus V{p, q) is positive 
by the convexity condition. Let I{p, q) be the line segment 

liP, q) = {^+t{p-q): -3/2 < t < 3/2}. 

For M > we say that the symplectic potential u satisfies the M- 
condition if for any p, q such that I{p, q) C P we have V{p, q) < M. 
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Lemma 3.4. For any convex function u on a polytope P C M" satisfying 
the Guillemin boundary conditions, there exits a constant M such that u 
satisfies the M -condition. 

Proof. Near any boundary of P, u can be expressed as 

u = ]^{Ie^ log/Ei +--- + lEm ^oshm) + f 

where Ei is a facet of P and / Ei is the defining function for Ei . Without loss 
of generality, we only need to prove that for the function 

u : 

u{xi,...,Xm) = 2;ilogXiH \-XmlogXm 

and for any point {xi, . . . ,Xm) where > for all i, the difference of 
derivatives of u at (xi, . . . , Xm) and (2xi, . . . , 2xm) in the direction of the 
unit vector 

( ^1 5 • • • ) ^m) 
V = — 

is uniformly bounded. In fact 

VuU{xi, Xm) - VuU{2xi, 2Xm) 

= (log xi - log 2x1 ) , = + 

h (log Xm - log 2x^ ' 



\/x1 + • • • + xf^ 
< mlog2. 



□ 



4 Geometric Estimates 

The estimates in this section follow Donaldson's work in toric surfaces |13j . 
However, there are some lemmas needed to be rewritten in order to deal 
with the cases when n > 2. For the reader's convenience, we put together 
our results with Donaldson's work. 

Lemma 4.1. Suppose u satisfies the M-condition. Let I be a line segment 
in P with mid-point p and let p' be an end point of I. Then the Riemannian 
length of the segment pp' is at most 

J' ^yM\p-p'\Enc■ 
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Proof. We can suppose that p' is the origin and that p is (L, 0), so |p— p|euc = 
L and the segment of the xi-axis from to 2L lies in P. We apply the 
definition of the M-condition to the pair of points p, q, where q = {L/2, 0). 
This gives 

/ un{t,0)dt<M. 

Jl/2 

The Riemannian length of the straight line segment from g to p is 

'L/2 

which is at most 

1 

"L \ 2 



un{t,0)dt 

\JL/2 y 



Hence the Riemannian length of this segment is at most LM/2. Replacing 
p by 2~^'p and summing over r we see that the Riemannian length of the 
segment from to p is at most 



CXD 

r=l 



from which the result follows. □ 

Corollary 4.2. Suppose that u satisfies the M-condition and that p is a 
point of P. Then 

1 



Dist g{p,dP) < -^=— ^AmstEuc(p,9^'). 

Proof. To see this we take p' to be the point on dP closest to p, in the 
Euclidean metric. If p" = 2p — p' then the segment p'p" lies in P and we 
can apply the lemma above. □ 

Next we derive a crucial result which relates the restriction of u to lines 
and the curvature tensor F. 

Lemma 4.3. At each point p of P, 

(^)'(^n)(p)<l^l(p)- (1) 



Proof. Observe that the quantity 

''(^r/)(p) 



dxi 

is unchanged by rescaling xi. So by scaling xi, we will get uii{p) = 1. Next 
we want to show that after carefully selecting X2, ■ ■ ■ ^x^ u^j (p) will be a 
standard Euclidean metric. We need a standard linear algebra fact. 
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Claim 4.1. Suppose that (uij) is a symmetric and positive definite matrix. 
Then there is an upper triangular matrix 



A 



( 1 ai2 ai3 

1 023 

••• 

V ••• 



1 '^n— 1 n 

1 J 



such that 



A^[uij)A = B = 



( Ai 
Aa 

V ••• 



••• \ 
... 

\n } 



where B is a diagonal matrix with Ai, • • • , Xn > 0, more importantly Ai = 

Ull. 

Set p = {pi, . . . ,pn) G P, A he the matrix in the previous lemma and 
v{x) = u{p -\- {x — p)A'^). Then the i-th element of {x — p)A'^ is 

(Xi - Pl)aii + {X2 - P2)ai2 H \- (xn - Pn)ain- 



So 



dxidxj 



d f dv 
dxj \dxi 
d 

— (aijUi(p+ {x-p)A) + a2iU2{p+ {x-p)A) + 

h aniUn{p+ {x-p)A)) 

( irMp+{x-p)A)) \ 



— (0li,02j, 



5 u-ni j 



^{u2{p+{x-p)A)) 



= {aii,a2 



1«) ■ ■ ■ ) ani) 



/ Ull ■ 


■ Uin \ 


( 




\ Unl ■ 




\ 





which means 



(p) = A^{u,^)A. 



^dxidxj 

Hence {q§-^){p) is a diagonal matrix with vii(p) = uii{p) = 1, more 
importantly, v restricts on the line {p + t(l, 0, . . . , 0)|t G M} is the same as 
u since 

v{p+{t,0,...,0))=u{p + {t,0,...,0)A'^) = u{p+{t,0,...,0)). 
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It is easy to see after rescaling X2,...,x„, that (vij) can be the identity 
matrix. 

At this point, after changing the coordinate system the left hand side 
of inequahty ([1]) remains unchanged. We also want to show that the right 
hand side doesn't change either. Let us use indices q, /3 representing the new 
coordinate system and i,j representing the old coordinate system. Also we 
set = (bij). From the above calculation, we get 

v'^^ip) = u'^ip) hp,. 

Hence at point p, we have 

= aia^fc^*'^j%S/3• 



and 
Then 



Hence 



aB 7(5 
'^k"i"j"l^ kl^ ij 

\F\\ 



i,j,k,l 



and v^^ii < \F\. Now we have 

.11 _ ^11 



V 



det(t;jj) ' 

where (Vij) is the cofactor matrix of (vij). So 

11 _i viiVu - det{vij] 

V — Vt — 



viidet{vij) 

Since Vij ,i ^ j vanishes at the point p we have 

\2 



(A \ (^ii_^-i) = 2y^^^t^ = 2y(t;i,i)2>0 
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at p. So 



Hence 



|;)^^/<.^!<l^|. 



□ 



Lemma 4.4. Lei p be a point of P and v = (z^') a unit vector. Suppose that 
the segment p + tu : —3R < t < 3R lies in \P\, that \F\ < 1 in P and that u 
satisfies the M -condition. Then 



UijU^v-' < max | — ^,2 



2M fhO ^ 



ttR \ vr 



Proof. We can suppose that u is the unit vector in the xi direction and 
that p is the origin. Let H{t) = nii(t,0). We apply the definition of the 
M-condition to obtain 



/ H{t)dt < M. 
J-R 



By the previous Lemma, 
Suppose H{Q)~^ = e. Then 



+2 

H{ty^ <e + Ct + -, 

where C = H'{0). Thus 

H{t)+H{-t)> ^ \ + \ > 2 



e + Ct + ty2 e-Ct + t^/2 - e + t'^/2' 
This gives 

f-R f-R j+ rR<^~^'^ 



f rr, N f dt f dt 

/ iL t > / ^ = 2e"^/^ / 

lil ^'-J-Re + ty2 io l + iV2 



So we have 



2V2 , _i 



M > — ^ tan 



V\/2i 
Now use the fact that 

— tan~^(2;) > min(l,z) 

TT 

and a httle manipulation to obtain the stated bounds on = nii(0, 0). □ 
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The results in the rest of this subsection depend upon a special feature 
of the Riemannian metric g. We need a simple comparison result for Jacobi 
fields. 



Lemma 4.5. Suppose -y{t) G P is a geodesic parameterized by its arc length 
t G (0, a). Then for any vector vi G M", 



is a decreasing function of t. 

Proof. Notice that the Riemannian metric on the whole manifold is invariant 
under the action, hence we can let vi be the Jacobi vector field along 7. 
Let us fix a point to £ (0, a); without loss of generality, we can assume 1^1 's 
Riemannian magnitude is 1 at 7(^0)5 i-e- l^^iP = = 1- Let us 

consider the derivative of |z^i|/sinht at t = t^. We only need to show that 
< cosh to/ sinhto, where u[ = Vx{tQ)^i,X = ^. 
Let us pick U2, ■ ■ ■ ,Vn G I^") such that \v2\ = ■ ■ ■ = = 1 and = 
= (u*'')(zvi, 1/2), i 7^ j at 7(to)- Assume ei,...,e„, are orthogonal 
frame along 7 such that ei(to) = ^^1(^0)) = 0) • • • > ^^(to) = '^n{to), = 0. 
Expressing z^i, . . . , f„ in terms of ei, . . . , e^, we get 



u'/ + Rm{ui,X)X = 
Let if be a n X n symmetric matrix such that H{ei, ej) = Rm{ei, X, X, ej), 



sinh t 



Vi = Ui{t) = Gl{t)ej{t). 



The Jacobi equation tells us that 



then 



G" + GH = 0. 

Let 5 = G~^G', so that S satisfies the Riccati equation 



S' + = -H. 



Notice that 



Vi{vj,X) = = Uj{iJi,X)] 



we get 
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Hence S{t) is a symmetric matrix for all t. At t = to we have (z^(, ui) = Su, 
the (1, 1) entry of the matrix S, so it suffices to prove that all the eigenvalues 
of S{to) are bounded above by cosh to/ sinhto- Now each eigenvalue X{t) of 
S{t) satisfies a scalar Riccati differential inequality 



By standard arguments, we may ignore the complications that might 
occur from multiple eigenvalues. Suppose by contradiction that A(to) > 
cosh to/ sinhto- Then we can find r G (0,to) such that A(to) = cosh(to — 
r)/ sinh(to — t). Now the function /i(t) = cosh(t — T)/sinh(t — r) satisfies 
the equation /i' + /i^ = 1. So A' — < — /i^ in the interval (t, to] and 
A(to) = /^(to)- It follows that A(t) > iJ,{t) for t G (t, to) and since /i(t) — oo 
as t tends to r from above we obtain a contradiction. 



Lemma 4.6. Let E be a face of the polytope P and suppose that the defin- 
ing function Xe (determined by a) is xi. Then if u satisfies the Guillemin 
boundary conditions and < 1 throughout P we have 



for any p in P. 

Proof. To see this we consider a geodesic parameterized by t > 0, starting at 
time on the boundary component E. Near the boundary we can describe 
the geometry in terms of a 2n-manifold with a group action in the familiar 
way. The vector field is smooth in the 2n-manifold and vanishes at t = 0. 
The condition that xi is the normalized defining function just asserts that 
this vector field is the generator of a circle action of period In. It follows 
that 

limt-i| — I < 1, 

t->-o dOi 

(with equality when the geodesic is orthogonal to the edge E). Then, by 
the above lemma, ^/vM = |^| < sinht and the result follows. □ 

Corollary 4.7. Let E be a face of P with defining function Xe- Then if 
\F\ < 1 we have 



Proof. Notice that this is an affine-invariant statement. There is no loss in 
supposing that, as above, Xe = xi. Then for a geodesic starting from a 
point of E, parameterized by arc length, we have 



A' + A^ < 1. 



□ 



u^\p) < smh.'^Bistg{p,E) 



Xe{p) < cosh(Distg(p,S)) - 1. 




hence xi < cosht — 1. 



□ 
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Lemma 4.8. Suppose that \F\ < 1 and thatp is a point in P with Distg(p, dP) 
a > 0. Then if q is a point with Distg(p, q) = d we have 

j- sinh^(a + d) j- 

[u'\q)) < -^u'^iP))- 

Sinn a 

If d < a we have 

> "°''''°-"> (u«(p)). 

Sinn a 

Proof. To prove the Lemma, observe that it suffices by affine invariance to 
prove the corresponding inequalities for the matrix entry . For the 

first inequality we consider a minimal geodesic 7 from p = 7(0) to q = j{d) 
and extend it "backwards" to t > —a. Then replacing t by t + a we are in 
the situation considered in Lemma 14.51 and we obtain 

|ei(p)l > |ei(g)l 
sinha ~ sinh(a + d) 

For the second inequality we extend the geodesic "forwards" to the interval 
[0, a] and argue similarly. □ 

Suppose that p = {p^, . . . is a point of P and r > 0. Put 

Ep,r = {ixi,...,Xn) G M" : Uij{p){xi - p'){xj -p>) < r^}. 

So E{p, r) is the interior of the ellipse defined by the parameter r and the 
quadratic form Uij{p). The Euclidean area oi E{p,r) is det(iijj (p))~^/^a;„r'^, 
where ujn is the volume of a standard Euclidean n-ball. 

Lemma 4.9. Suppose that \F\ < 1 and that p is a point in P withDistg{p,dP) 
a > 0. Then for any /? < a the (3 -hall in P, with respect to the metric g 
satisfies 

E{p,c(3)cBg{p,l3)cE{p,C(3), 

where c = sinh(a — /?)/ sinha and C = sinh(a + sinha. In particular, 
the Euclidean area of the /3 hall for the metric g is hounded helow hy 

AreaEucBg{p,P) > c"/3"a;„ det(uy 

Proof. There is no loss in supposing that the matrix u^^{p) is the identity 
matrix, so we have to show that the ball Bg(p,/3) defined by the metric g 
contains a Euclidean disc of radius c/3, and is contained in a Euclidean disc 
of radius C/3. We know by the above lemma that on the ball Bg{p,/3) we 
have 

< (n^J) < C\ 

Thus < (uij) < c~^, and the Euclidean length of a path in Bg{p, p) is at 
least times the length calculated in the metric g, and at most C"^ times 
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that length. The second statement immediately tells us that Bg{p,f3) lies 
in E(j),Cf3). In the other direction, suppose g is a point in the Euclidean 
disc of radius c/3 centered on p. We claim that q lies in the (closed) g ball 
Bg(p,P). For if not there is a point q' in the open line segment pq such 
that the distance from q' to p is /3 and the line segment pq' lies in Bg (p, f3) . 
But the Euclidean length of this line segment is strictly less than c/3 so the 
length in the metric g is less than /3, a contradiction. □ 

5 Singularity Analysis 

By Chen-He's result [7], the Calabi flow exists for a short time. Suppose 
that the Calabi flow does not exist for all time and the singular time is T, 
i.e, the Riemannian curvature blows up at time T. We will use blowing up 
arguments to rule out different kinds of singularities under the Calabi flow. 

Since ^ = —Ai and \VA\ is bounded for all t < T, we conclude that 
for any t < T, u{t) satisfies a M-condition by Lemma 13.41 Next we want 
to show that the scalar curvature A is bounded for any finite time T. It is 
well known that the Calabi energy, L^-norm of A — A, is decreasing under 
the Calabi fiow. We want to see the corresponding formula in toric case. In 
fact, by the Abreu's formula, we have 




— ^ dxidxn 



hence 



dA^ 




dt 



where 



dt ' 



So 




= -2 



L 



dP 



{A 



A)E^Vjda + 2 / AjE^dfi 



JP 
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In the above calculations, the integral domains in fact are Ps and dPs 
where Pg is an interior domain whose boundary has a distance § from the 
boundary of P and we let 5 — >• 0. The reason why all the boundary integrals 
go to relies on the Guillemin boundary condition: without loss of gener- 
ality, we can set = (1, 0, . . . , 0), so u = xi log xi + f where / is a smooth 
function up to the boundary. Then v}^ are all products of xi with smooth 
functions. So E^"^ = 0,-Ej"' = for all i and j > 1. Since the boundary 
measure da is fixed, is fixed, hence El^ = 0. 

If the scalar curvature is not bounded, then there is t < T and xq G P, 
such that |^(3;o,i)| > Ci. By the assumption that |Vyl| is uniformly 
bounded at [0,t], there is a neighborhood xq £ Q C P with Vol{Q) > C2 
and \A{x,t)\ > Ci/2 for ah x e Q. Then JpA^ > CfC2/4 at time t. It 
is easy to see that we can get Ci as large as we want with C2 fixed which 
contradicts the fact that the Calabi energy is decreasing along the Calabi 
flow. 

Since the Calabi flow cannot extend through time T > 0, the L°°-norm 
of Riemannian curvature of t-slice would blow up as t — t- T. Now pick 
a sequence of points {pi,ti) — )• {p,T) where \Rm{pi,ti)\ realizes the L°° 
Riemannian curvature norm at tj. We want to show the rescaling process in 
the corresponding polytope. Here we follow Donaldson's work [13]. Suppose 
M is a convex function on a polytope P with = —A. Let A be a positive 
real number. Deflne a function u on the polytope P = \P by 

u{xi, ... ,Xn) = An(A~^xi, . . . , A"^x„). 

Proposition 5.1 (Donaldson), u satisfies the following properties: 

• The curvature F of u satisfies 

\F\{Xp) = X~'\F\ip). 

• The scalar curvature A = — uj"?- is 

A{\p) = \~^A{p). 

• If u satisfies an M -condition then so does u (with the same value of 
M). 

Proof. Using the chain rule for partial derivatives, we obtain u-'^^i = X~^u^^ kl 
and hence the desired conclusion. □ 

Dilating by a factor Aj = \Rm{pi,ti)\, we get a new sequence of data 
tt^*-'). It is clear that, perhaps after taking a subsequence, one of the 
two cases must occur. 
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• The limit of the P'-'^ is the whole of M"; 

• The limit of the is a (IR+)™ x M""™ with m < n. 

To rule out those singularities, the idea is to study the equation 

-E4 = ^- 

Donaldson |12] rewrites the above equation in the following form 

-W^ ( , ^ = A, 

\det{uki)Jij 

where (U^^) is the cofactor matrix of (uij). 

It is easy to check that if we can show that for any compact set away 
from the boundary, the operator (U^^) is uniformly elliptic, then the limit 
equation will be 

-W^ ( ^] = 

\det(uki)J 

in the weak sense. Thus we can use the maximal principle to obtain a 
contradiction. To control the upper and lower bound of (lijj), we utilize 
Donaldson's idea [T^ . 

Case 1: The limiting domain is M". 

Let us normalize u^*^ first. By translation we can assume that each pi is 
the origin and u'-*-' is normalized at the origin, i.e, u'-*-' (0) = 0,V(u(^)) = 0. 
We want to show that on any compact subset K C M" we have upper and 
lower bounds 

C],' < n« < Ck. 

The upper bound follows immediately from Lemma 14.41 (since on compact 
sets the Euclidean distance of the boundary of P*^*-* tends to infinity with 
i). Let J = J^*-* be the function det(M.jj). The crucial thing is to get a 
lower bound on J(0). Corollary 14.71 implies that the distance in the metric 
^(0 corresponding to u*-*^ from the origin to the boundary of P^*^ tends 

,- (*), 

to infinity. By construction, \Rm \ is equal to 1 at the origin. Since the 
derivative of Riemannian curvature is uniformly bounded, we can find a fixed 

small number 6 such that |iim^ ^| > 1/2 on the g^^^ ball of radius 6 about 
the origin. On the other hand Lemma 14.91 implies that this ball contains a 
Euclidean ellipse of area at least cJ(0)-i/2^"^ for some fixed c. Thus 



Jp(i) 



Since the L"-norm of the Riemannian curvature is bounded and is scaling 
invariant, the integral on the left is bounded. So we obtain a lower bound 
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on J(0), as required. Combined with the upper bound on Uij this lower 
bound on J(0) yields an upper bound on u^^ at the origin. Now Lemma 
14.81 gives an upper bound on n*-^ at points of bounded g distance from the 
origin. The upper bound on Uij implies that on compact subsets of M" the g 
distance to the origin is bounded. So we conclude that u*-^ is bounded above 
on compact subsets of M". Also n*-' is bounded below on compact subsets of 
M". Once we have these upper and lower bounds on u^^ the convergence of a 
subsequence is straightforward, and the limit function U satisfies = 0. 

However, the following theorem tells us that it cannot happen. 

Note that Donaldson proves a stronger result in the case of n = 2 and 
Trudinger-Wang study a similar fourth order PDE in their work [22]. How- 
ever, our approach is different than theirs. 

Proposition 5.2. There is no convex function u satisfying the following 
conditions simultaneously: 1. u^^ij = 0. 2. < 1. 3. |Vn| < M . 

Proof. Let G = ^^^^-'^ , then G satisfies W^Gij = where is the co- 
factor matrix of Uij. Applying Lemma 14.41 there is a constant G such that 
Hess(u)(v, < G for any unit vector v. And for arbitrary e > 0, we know 
that for |x| large enough. 



1 

B.ess{u)\x+tv{v,v)dt < 2e, 



where v is the unit vector at x pointing away from the origin. Using the 
same tricks as we did in Lemma 14.41 we get 



4e /4e" 



}iess{u)\x{v,v) < max — , — 

\ vr \7r 

Now it is clear that for any e > 0, there is a > 0, such that for any x 
outside -6(0, R), \ det{uij){x)\ < e. That tells us that G reaches its minimum 
in the interior of M". Since G satisfies U^^Gij = 0, we know that G must be 
a constant; hence it must be zero, a contradiction. □ 

Case 2: The limiting domain is x M""'",??! > 1. 

In those cases, we still follow Donaldson's work to get the uniform el- 
lipticity of the operator and use a different method to rule out the 

singularities. We pick a point pi such that it satisfies the following two 
conditions. 

• The Euclidean distance between pi and pi is bounded and hence its Rie- 
mannian distance is also bounded by Lemma [4. II Since the derivative 
of the Riemannian curvature is controlled, we can assume \Rm{pi)\ < 
1/2. 
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• Pi is not close to the boundary in the sense of the Euchdean distance 
and hence it is not close to the boundary in the sense of the Riemannian 
distance by Corollary 14.71 

The remaining process is the same as in the previous case, we normalize 
-u^*^ at Pi and there is a subsequence converging to a smooth function U 
satisfying U'hj = 0, |F(°°)|2 = WhiU''\j < 1 and M-condition. Notice that 
the function /(x) = xlogx satisfies f'{x/2) — f'{x) = — log2,rE > 0. Then 
for any positive number c, there is a -D > such that f'{x/D) — f'{x) < — c. 
Based on this observation, let us check what happens in our limiting function 
U. Without loss of generality, we can assume one edge of P is {xi = 0} and 
{xi > 0} n P is not empty. We want to consider the derivative of u*-*^ in 
the xi direction near the boundary xi = 0. Since \VA\ is bounded, what 
really matters is xi log xi. Hence for any c > 0, there is a uniform constant 
-D > 0, such that 

— {xi/D,X2, . . . - — (Xi, . . . ,X„) < -C 

OXi OXi 

for all functions n*-*^ . Since we normalize tt*-*^ at pi whose Euclidean distance 
to the boundary is bounded from below, then for any positive constant c > 0, 
there is a uniform constant d > such that for every point x and for any 
J < m, if its j-th coordinate is less than d, then 

The same conclusion holds for our limiting function U. In the next propo- 
sition, we will show that it is impossible. 

Proposition 5.3. There is no convex function u defined on (M"'")™' x R""™ 
satisfying the following conditions simultaneously: 

• u'hj = 

• |F|2 = u''\dU'"^ab < 1 

• u satisfies the M-condition. 

• For every positive number C > 0, there is a d > such that for every 
point X and for any i < m, if its i-th coordinate is less than d, then 

OXi 

Proof. We will check the Vti = M"*^ x M x • • • x M case first. Let us consider 
the Legendre dual of ti, i.e, 0. We have 
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and in the coordinate system 



du 

OXi 

The corresponding region Q2 of ili in the yi space wih be a tube, where 
y2, ■ ■ ■ ,yn are bounded and yi has an upper bound but no lower bound. Let 
us pick a constant c sufficiently small such that ^4 = {yi > c} n ^2 7^ 0. By 
the fourth assumption, there is a constant d > such that the preimage of 
will be contained in = J^i Pi {xi > d}. 

Without loss of generality, we can pick a point y G ^4 such that its first 
coordinate yi > c. Let G{y) = logdet((/)ab) — A(yi — yi), where A is a constant 
to be determined later. The idea is that if G{y) reaches its minimum in the 
interior of 1^4, the equation 

= <P'^Gij 

tells us that in any compact set of U^, G is a constant. Hence logdet^cpab) = 
\{yi — yi) + C on any compact set of Q^. However, log det((/>a;,) approaches 
infinity at some boundaries of O4 and we would get a contradiction. 

The remaining task is to pick an appropriate A such that G{y) reaches 
it minimum in the interior of ^4. Suppose y £ dQ^ and the first coordinate 
of y is strictly greater than c. We claim that G{y) is infinity in this case. 
Let us pick a sequence of points yn S ^4 approaching y. It is easy to see 
that y is also in the boundary of 80,2, since the mapping from $14 to 
is local diffeomorphism, the corresponding x„ G of y„ must approach 
infinity. Because the first coordinate of Xn is greater than d, for any unit 
vector V, iiess{u){v,v) is bounded from above by Lemma |4.4[ And since Xn 
approaches infinity, Iless{u){v,v) approaches where v is the unit vector at 
Xn pointing away from (d, 0, ...,0). So det{uij){xn) approaches 0. Hence 
we can conclude that det {(j)ab)iyn) approaches infinity. 

What left is that the first coordinate of y is equal to c. Since det{uij) 
is bounded from above in Q^, det{(j)ab) is bounded from below in ^^4^. Hence 
we can find a A big enough such that for all such y, G{y) > G{y). 

For the other cases, they are almost the same. We let O4 = 02 H {yi > 
ci} n • • • n {ym > Cm} and let G{y) = logdet{(pab) - Ai(yi - yi) - ■ ■ ■ - 
^miUm — ym)- Then we can show that G{y) reaches its minimum in the 
interior of ^4 by picking Ai, . . . , Am appropriately. □ 

By the above arguments, we complete the proof of Theorem 
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